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$\Omega$ base space, $\Sigma$ $\sigma- \mathrm{f}\mathrm{i}\mathrm{e}\mathrm{l}\mathrm{d}$, $\mu$ positive $\mu,(\Omega)=1$




1.1. $(A, \phi)$ , $\mathbb{C}$ unital (1 ) (–
) $A$ $\phi$ : $Aarrow \mathbb{C}$ $\phi(1)=1$ . $A$
$C^{*}\ovalbox{\tt\small REJECT}- \mathrm{a}\mathrm{l}\mathrm{g}\mathrm{e}\mathrm{b}\mathrm{r}\mathrm{a}$ , $\phi$ $A$ state $(A, \phi)$ $C^{*}-$ , $A$
von Neumann algebra \mbox{\boldmath $\phi$} trace $(A, \phi)$ , $W^{*}-$
. , $(A, \phi)$ $a\in A$ .
Typeset by $A_{\mathcal{M}}S- \mathrm{I}\mathrm{f}\mathrm{f}\mathrm{l}$




, “ ” ,
D. Voiculescu free .
1.2. (free ) $(A, \phi)$ . $1\in A_{i}\subset A(i\in I)$ $A$
. , $(A_{i})_{i\in I}$ free , $x_{j}\in A_{ij}$ $\phi(x_{j})=0$
, $i_{1}\neq i_{2}\neq\cdots\neq i_{n}$ ,
. $\phi(x_{12n}x\cdots X)=0$
.
$X_{i}\subset A$ free , $\{1\}\cup X\dot{.}$
$A_{i}$ free . , $X_{i}=\{x_{*}.\}$ , $(x_{i})$ free .
free
2 ,
. , free , $(x_{1}, x_{2}, \cdots, x_{n})$ free ,
word
. free mixed moments simple moments
. . .
.
1.3. ( ) $(A, \phi)$ . $x\in A$ 1
$\mathbb{C}[X]$
$\mu_{x}$
$\mu_{x}(P(X))=\emptyset(P(x))$ , $P\in \mathbb{C}[X]$
.
, ,C*- $(A, \phi)$ , $x\in A$ , $\mu_{x}$
$\mathbb{R}$ .
$\int P(t)d\mu x(t)=\phi(P(x))$ , $P\in \mathbb{C}[X]$








1.4. $m\in \mathbb{R}$ , $r>0$ $\omega_{m,t}(P(x))$
$\omega_{m,r}(P(X))=\frac{2}{\pi r^{2}}\int_{m-r}^{m+}’\sqrt{r^{2}-(t-m)2}P(t)dt$
.
$C^{*}-$ $(A, \phi)$ , $x\in A$
$\omega_{m,r}$ , $x$ $m\in \mathbb{R}$ , $r>0$ (semicircular)
.






, $c_{m}= \frac{(2m)!}{m!(m+1)!}$ $m$ Catalan
.
$C^{*}-$ $(A, \phi)$ , $x\in A$ $\mathbb{R}$








. (convolution) . free
free additive convolution .
1.5. $x_{1},$ $x_{2}$ , $\mu_{X_{1}},$ $\mu x_{2}$ free .
, $x_{1}+x_{2}$ $\mu_{x_{1}+x_{2}}$ , $\mu_{x_{1}},$ $\mu_{X_{2}}$ . free
(additive) convolution , $\mu_{x_{1}}$ $\mu_{x_{2}}$ .
convolution Fourier
. Fourier cumulant ,
convolution . free , D.
Voiculescu R- .




$G_{\mu}(K_{\mu}(Z))=z$ $\theta^{\mathrm{a}\text{ }}$ $\mathrm{A}_{\mu}’(G_{\mu}(\zeta))=($
$K_{\mu}(z)$ . $K_{\mu}(z)$ $z$
$I \iota_{\mu}’(Z)=z-1+\sum_{k=0}\alpha k+1z^{k}\infty$ ,
. , $\mu$ R- $R_{\mu}(z)$ ,
$R_{\mu}(z)=I \zeta_{\mu}(Z)-\frac{1}{z}=\sum_{k=0}^{\infty}\alpha_{k}+1z^{k}$
.
1.7. [VDN] ’ R- :
$R_{\mu_{x_{1}}\text{ }2}(\mu_{x}z)=R_{\mu_{x_{1}}}(z)+R(_{\mathcal{Z})}\mu x_{2}$
$R_{\mu_{\gamma x}}(Z)=\gamma R(\mu_{x}\gamma z)$
$R_{\mu_{x+\gamma 1}}(_{\mathcal{Z}})=R\mu_{x}(z)+\gamma$
R- , $m$ , $r$ R-
.
$R_{\omega_{m,r}}(z)=m+ \frac{r^{2}}{4}Z$
$\mathrm{R}-$ free cumulant . R-
,










. free . ( $A$ $\mathrm{b}$ ,
.)
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2.1. [HNY] $x_{1},$ $x_{2},$ $\cdots,$ $x_{n}$ free –







, $l,$ $q$ free , $x_{1},$ $\cdots,$ $x_{n}$
.
2.2. [Ni], [HNY] $C=(c_{ij})$ $n\cross n$ ,
,




$y_{i}= \sum_{j=1}$ Cijxj, $i=1,$ $\cdots,$ $n$
$y_{1},$ $\cdots,$ $y_{n}$ free $x_{1},$ $x_{2},$ $\cdots,$ $x_{n}$ –
.
2.3. [HKNY] $x_{1},$ $x_{2},$ $\cdots,$ $x_{n}$ – , free
. $a_{1},$ $\cdots,$ $a_{n}\in \mathbb{R}$ ( $a_{1}^{2}+a_{2}^{2}+\cdots+a_{n}^{2}=1$ ) , $\sum$ aixi




























$m=0$ free Poisson [NSV]
. , .
2.5 [HKNY], [NSV] $\{x_{1}, x_{2,\ldots,n}X\}$ , $A=(a_{ij})$ $n\cross n$
, 2 $q= \sum_{i,j=1}^{n}$ aijxixj R-
$R_{q}(z)= \sum n\frac{\lambda_{i}}{1-\lambda_{i^{Z}}}=\sum \mathrm{T}\mathrm{r}(Aj+1)\infty z^{j}$ ,
$i=1$ $j=0$
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. $\lambda_{1},$ $\lambda_{2},$ $\ldots,$ $\lambda_{n}$ $A$ .
Poisson free
– . , Poisson ,
moment .






$\mathrm{Y}$ . $\mathrm{Y}$ $F$
. $F(x)$ $H(x)$
$F(x)– \sum_{n=0}^{\infty}\frac{\lambda^{n}}{n!}e^{-\lambda*n}H(x)$
. $F(x)$ $\eta(t)$ . $H(x)$ $\xi(t)$
$\eta(t)=\sum^{\infty}\frac{\lambda^{n}}{n!}e^{-\lambda}\xi(t)^{n}.=\exp\{\lambda(\xi(t)-1)\}n=0$
. moments , cu-
mulants . , ,
$F$ cumulants $H(x)$ moments .
, .
Poisson , n- moment $\mathrm{n}-$
cumulant .
free . .

















2.7. [HKNY] $x_{1},$ $x_{2},$ $\cdot,$ . $,$ $x_{n}$ free centered –
,
$y= \sum(x_{i}+ai)^{2}$ , $a_{1},$ $\cdots,$ $a_{n}\in \mathbb{R}$
$i=1$
$a= \sum_{i=1}^{n}a_{i}^{2}$ $\{x_{1}, x_{2}, \cdots, x_{n}\}$
.




. $y$ $a$ .








$\{X_{1}, X_{2}, \ldots, x_{n}\}$ moments $2k-j$ .
$b\in \mathbb{R}$ \mbox{\boldmath $\phi$}(y(b)k) $=\phi(y(-b)k)$
$\phi(x_{1}(x_{1^{+X^{2}}}^{2}\cdots+2^{+}x^{2}n)k-1)=^{0}$




, , $b\in \mathbb{R}$ \mbox{\boldmath $\phi$}(y(b)k) $=\phi(\tilde{y}(b)^{k})$ . $b^{4}$
,




$=4\phi(x_{1}^{2k-})4+$ { $\mathrm{t}\mathrm{h}\mathrm{e}$ polynomial of $\phi(x_{1}),$ $\emptyset(x_{1}^{2}),$ $\ldots,$ $\phi(x^{2k-5})1$ },
$\phi(2(x_{1}+x_{2})(x_{1}+x_{2})(x21+x_{2}^{2}+\cdot\cdot\cdot+x_{n}^{2})^{k-3})$
$=4\phi(x_{1}^{2k-})4+$ { $\mathrm{t}\mathrm{h}\mathrm{e}$ polynomial of $\phi(x_{1}),$ $\emptyset(x_{1}^{2}),$ $\ldots,$ $\phi(x^{2k-5})1$ },
$\{$
$\phi$( $16x$ IXIXIXI $(x_{1}^{2}+x_{2}^{2}+\cdots+x_{n}^{2})^{k-4}$)
$=16\phi(x_{1}^{2k-})4+$ {the polynomial of $\phi(x_{1}),$ $\emptyset(x_{1}^{2}),$ $\ldots,$ $\phi(x^{2k-5})1$ },
$\phi(4(x_{1}+x_{2})(x_{1}+x_{2})(x_{1}+x_{2})(x_{1}+x_{2})(x21+x_{2}^{2}+\cdots+x_{n}^{2})^{k-4})$
$=8\phi(x_{1}^{2k-})4+$ { $\mathrm{t}\mathrm{h}\mathrm{e}$ polynomial of $\phi(x_{1}),$ $\emptyset(x_{1}^{2}),$ $\ldots,$ $\phi(x^{2k-5})1$ }.
, , $\alpha_{k}$ ,
$\phi(X_{1}^{2k})=\alpha k\emptyset(x^{2})^{k}1$ $k\in \mathrm{N}$
. $\alpha_{k}$ $a$
, $x_{1},$ $x_{2},$ $\ldots,$ $x_{n}$ $\omega_{0,r}$
. , $\alpha_{k}$ Catalan .




2.8. $\{x_{1}, x_{2}, \cdots, x_{n}\}$ , $\delta=\sum_{i=1}^{n}m_{i}^{2}(m_{i}\in \mathbb{R})$ .
$\sum_{i=1}^{n}(x_{i}+m_{i})^{2}$ \mbox{\boldmath $\chi$}2 $(.n, \delta)$ , $n$ , $\delta$ free $\chi^{2}$
.
R.- , $q$ , \mbox{\boldmath $\chi$}2(n, $\delta$ ) ,
$R_{q}(z)= \frac{n}{1-z}+\frac{\delta}{(1-2z)^{2}}$
. \mbox{\boldmath $\delta$} $=0$ , free $\chi^{2}$ central, $\hat{\delta}\neq 0$
, noncentral .
, .
, $q_{1},$ $q_{2}$ free , \mbox{\boldmath $\chi$}2(nl, $\delta_{1}$ ), $\chi^{2}(n_{2}, \delta 2)$
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. $r$
. $q_{1}+q_{2}$ $\chi^{2}(n_{1}+n_{2}, \delta_{1}+\delta_{2})$ .
$\chi^{2}(n_{1}, \delta_{1})$ \dagger $x2(n_{2}, \delta_{2})=x^{2}(n_{1}+n2, \delta 1+\delta_{2})$
.
$\chi^{2}$ $\mathrm{f}\mathrm{r}\mathrm{e}\epsilon$
. , free $\chi^{2}$ ,
free analogue . [HKNY]
.
2.9. [HKNY] $\{X_{1}, x_{2}, \cdot : \cdot, x_{n}\}$ , A=(a $n\cross n$
, $q= \sum_{i_{)}j1}^{n}=ai’ X’ Xj$ , $q$ free $\chi^{2}$
$A^{2}=A$ .
2.10. [HKNY] $\{X_{1}, X_{2}, \cdots, x_{n}\}$ . $n\cross n$ $A=$
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